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Optimizing momentum space DMRG using quantum information entropy
O. Legeza* and J. Sélyom

Chair of Theoretical Chemistry, Friedrich-Alexander University brfuugeu-Nuwmbﬂy D-91058 Erlangen, Egerlandstr. 3,
Germany

Research Institule for Selid State Physics, H-1525 Budapest, P. O, Box 49, Hungary
(April 18, 2003)

I. THEORETICAL BACKGROUND

A. Separability versus entanglement

G = ®1,Gi, dimG =1 Ni=N.

be pure states or mixed states which

In general, states of G can ‘
ing use of the density matrix written as

~ are described by making u

p=§P-s:|’¢)i>Wi|=

wi P, an—l wp, 2 0,
(4)

©
Il
]LM =

p= ?Pz‘ N

with Ny = M;, No = q, N3 =q,, Ny = M,.

"permanent address:
Research Institute for Solid State Physics, H-1525 Budapest, P. O. Box 49, Hungary
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FI1G. 1. Schematic plot of system and environment block of DMRG and related quantities described in the text.

e Block and interaction energies

(Vr|Hi|Vr) :
P = G (‘”
where ¢ = L, R, LR and £;(H;) = (z; H,).
|\I’T> S Q — Q’L X QR? with dimQL — MLj diIIlgR = Mm
ML X MR — Nj

r<min(M,Mpg)

W) =

it

wilei) ® | fi), (6)

where |e;) @|f;) form a bi-orthogonal basis (e;|e;) = (fi|f;)
0ij, and 0 < w; < 1 with the condition &; w? = 1.

[

v “Ahi\~1 1
A= (U|p|¥) > max; w? (8)
e A quantitative characterization of the degree of mixtures is

provided by the von Neumann entropy

.



5(p) = —Tr(plnp) (9)

and participation number

R(p) = = (10)

e A fundamental concept related to inseparability and non-
locality of quantum mechanics is the entanglement.

1
¥) = i th £131) (11)

- E:p(Gr ® Gr) = R, with
(i) E(p) = 0if p is separable.,

(ii) £ is convex and

(1

i) £ is non-increasing (on average) under LOCC

Er(p) = min X piS(Trn[a){il), p=Epildi) (il (12)

where the minimum is taken over all the possible realizations
of the state (p).



B. Mutual entropy and Kullback-Leibler entropy

B

Olocjcococo000
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W ies—

FIG. 2. The decompeosition of the finite system to subsystems as a function of iteration steps corresponding to various
partitioning.

M. ;e ?:
Si = — ¥ p(z;) Inp(z}), ?p(xj) =1 (13)

)=l

where ¢ = L, R and labels the information entropy of the left
and right sets, respectively.

S =Xp(z;)fj, fi=—Inplz;), p(z;)#0 (14)
and the weight is p(z;).
Aj=Inp(z’) — Inp(z;). (15)
e Mean change of information, Kullback information gain:
p(z;)

K(p(a'), p(@) = £p(@)A; = Zp(a) ool (19

where =; p(z;) = 1 and £, p(z) = 1.

J

1



XX

o If X* and X% are not independent:

I(L,R) = S; — S(L|R)
=SL—|-SR—SLR (17)
_ S, - S(LIR).

where S(L|R) the conditional entropy is given by

S(LIR) = Spp — Sg _
— ij(xf) lnp(a:f)

7, 1) is the joint probability distribution of the two

and p(z;, ;)
events.

e [(L, R) is symmetric under the interchange of X% and X7
and zero if and only if p(z*, %) = p(zL)p(zh).

e Within the context of DMRG treating quantum systems:
K(pllo)) = Tr(plnp — plno). (19)

target state 1s a pure state it corresponds to zero Neumann
entropy with Szp = 0, thus I(L, R) = S + Sp.
S=ij111LUj=SL=SR. (2())
J
il e * T - l e LT SRR
as a consequence that w; = w;” = w;".
e Calculate also py, pyi, pyr, pr

C. Information generation and annihilation

e DMRG behaves dynamically:.

D



e [hen the relative importance w; is defined as

M ;.
wi=YLaw, =% W 21
- (e’ &zijjfk-i—el" (21)

where € — 0.
e [f there are several system coupled one after the other, then
for instance in the two step procedure we obtain

ZL(A)W:L Z LgL)LEA)f k- (22)

e Recursion from w'™ to w may depend on the path, namely
on the ordering of lattice sites or molecule orbitals.
SO = —swjnw;, §Y = — Zwy In wy. (23)
J :
If £pwr = 1 and £;w; = 1 there is annihilation of information
if S(1) < S(0) or generation of information if SV > S©)
Depending on features of a dynamical system it can be ”sen-
sitive” or "insensitive” for a given message.
II. NUMERICAL INVESTIGATION OF NEUMANN ENTROPY AND ENTANGLEMENT
Eod
H Z fz—:ljciﬂ'cjﬂ' + Z Vﬂjklctﬂ'cjgfckﬂ'fa!ﬁ (24)
Ljo ijkloo’
e /;; denotes the matrix elements of the one-particle Hamil-
tonian
e Viir stands for the matrix elements of the electron interac-
tion operator.
e molecules within the context of quantum chemistry,

e the Hubbard and extended Hubbard models in one or
higher dimensions



Water molecule, Li=14
N? =" N¢=5

1-D chain

L T X2 Yolololelelolelefe

#ﬁ HF orbitals Virtual states

A. Transformation to 1D lattice

e A one dimensional chain containing L molecular orbitals is gener-
ated by ordering the orbitals employed to build up the multi-particle
states with increasing energy or by other rules, analogous to £ points
in k-DMRG. These molecular orbitals are calculated by standard nu-
merical methods of quantum chemistry:.

e One site has 4 degrees of freedom, namely the doubly occupied.
spin up, spin down and empty orbital situation.

e In the Full-CI solution the dimension of the Hilbert space would

be 4L

*Nu;u . *Nd own



e coupled fermion chains.

3 I - Er—— ] 1 ! L —

¢ CH,:11028313115694127

o F, :1012118615173127918161345 14

« N, :114271023201624411211581235131792618625 1922
2.5 = -4 i

2=©®@QQOOGO 1

0.5F s

30

FIG. 3. Decay of orbital eccupation number obtained in the full Cl limit and the corresponding ordering of orbitals for
molecules studied in the paper.



DMRG initial step (Water molecule)

Left Block Right Block

*
#

##@é 000000000
$e B
$e
$ods

D4L<q""L g .4 MR<:q"“R

far away from each other in the chain and include their contribution

¢
¢

to the correlation energy, the size of the left block is increased as
long as | < N — 3 and the length of the right block 1s decreased so
that r + [ + 2 = N always holds.

F. Target state

e This sweeping procedure implies that in each DMRG iteration

step the wave function of the molecule is built up from the linear com-

8



IV. MODIFIED FINITE LATTICE ALGORITHM AS A WARMUP PROCEDURE: THE CAS-DMRG

e Besides ordering, the optimal performance of DMRG is also
effected to a great extent by the initial conditions or in other
words by the initial block configurations.

A. The CAS-DMRG

e most probable excitations

FIG. 11, Dispersion relation of the 1-D Hubbard chain. Arrows indicate the most probable electron-hole excitations with
small momentum transfer m the small U Limit.

e partitioning when the left block (system block) contains
one lattice site and the right block (environment) L — 3 lattice
sites

15
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A. Analysis on larger molecules

Block states
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B. Analysis on the 1-D Hubbard chain

2= =5

k=
1t

O ®]
G' F
O

T-t i

Q

Q

_olg . :
Eﬂ 5 10 15
2 i

D,

o
1t
QO
E..
0
—.1 H
@

O @)

8 5 10 15

12

2 - e
T
1
o0
0f '
00
w1
oo
o0
=3 . -
0 5 10 15
2 il
o0
6.
oo
1.
(eRe)
of 1
oo
-1
00
00
'__E ﬂ i i
0 2 10 16



| I | I | ]
e | o " [EER v U=0.5 f
- v
@ 0.02 "
v v v v
glico oD ! ol TR M. M.
0 2 4 6 8 10 12 14
02— T | — r |
v U=1
@0 AL
Ak \v/ -
\'% v v v
0 . n 9 v | ! LR e v g
0 2 - 6 8 10 12 14
0.6 T [ | e ] e
¥y \% v
0.2F -
v v v v
0 v, Y v ] | | i I v Y
0 2 4 6 8 10 12 14
1 e ' - 7 Yy ¥ X — ]
v U=4
) 0.5 ~
" gy . wii'e
0 v ? v ! ! | ! Y v Y
0 2 4 6 8 10 12 14

FIG. 9. Site entropy (5;) obtained for the half-filled Hubbard chain with L = 14 using ordering shown on the 6th panel with
U=0.5,1,2.4.

13



III. OPTIMIZING ORDERING
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FIG. 10. Result for I molecule correlating 18 electrons on 18 orbitals using our numerically optimized ordering.
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FIG. 12. The mutual Neumann entropy (8), environment block entropy (S») and Kullback-Leibler (/) entropy calculated
for three specially constructed environment blocks for the half-filled Hubbard chain with U = 1 and L = 14 using original
ordering.

e right block configuration

e [n practical application of DMRG M, < ¢", many orbitals
will remain unfilled

e Vacuum sites, Doubly filled sites, Active sites — reducing
effective system size
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V = Vacuum sites

D = Doubly filled sites

A = Active sites
L=14, Ny =N, =T, M™ =8,1=1, r = 11 and HF vector = [4,5,6,7,8,9,10] and CAS vector = [4, 10,3, 11,5,9].

B. Application of Abelian peint-group symmetry within the context of QC- DMRG

The k; quantum numbers operator for an orbital defined on

the (0,1, 1, 171) basis states in QC-DMRG is written as

(1Y -
) |

= K ) -+ 1| (25)
TN

17



where k; can take values from one to eight according to the
symmetry of the orbital. The symmetry quantum number
operator for basis states of two orbitals is determined by using
the standard character table as

K‘Ej = T(KM K})? (26)

with

(1234567
2143658
3412785
4321876
5678123
6587214
7856341
87654321,

Cy ~1 OO0

Do QO W O

Kror = T(K", K"). (28)

C. Numerical results on CAS-DMRG

As an example Fig. 14 shows result obtained for the half-
filled, L = 18 chain with with M,,;, = 400 and TRE, .. =
107 in order to obtain an absolute error of 10~* for var-
ous U = 0.5,1,2,4 values using the ordering shown on
the 6th panel on Fig. 8. The CAS vector was CAS =
13,5, 14,4,12,6,15,3,11,7, 16, 2, 10, 8, 17, 1] and the HF vec-
tor (1,2,3,4,5,6,7,8,9].

18
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FIG. 14. L=18 Half-filled Hubbard chain for U = 0.5, 1, 2,4 using CAS-DMRG.

calculated momentum distribution (n; = £; 4 c;racm)
Results for CHs 6/13 and 6/23, HoO with 8/24, Ny with
10/26 and Fy with 18/18 are shown on

19



100

S0

100

50

BE_ 1 | | LY = ] | 1
0 5 10 15 20 25 30 35 40
100 | -
£ v -
S0 vV
7 .
v ¢ H.0 L=24,M . =256
Logev? , Haw il [ &8 ey
0 5 10 15 20 25 30 35 40
100 T o wv——v—yr—ay—yr——u—vy—vy—vy—5
Vv
sk o v Vv |
L vd Yy 9 %
v — —
o F, =18, M__=256
n | | | 1
0 s 10 15 20 25
100 ; r TV VYUY
. ; TYVTYVYVYVYVVVY
wvwVvV
50 ?v? =
vV - | e
v N2 =256
u 1 1 | | 1 1 ]
0 5 10 15 20 25 30 35 40

Iteration step

FI1G. 15. Percent of correlation energy as a function of iteration step obtained by CAS-DMRG for the CHgz, H2O, Nz, Iy

molecules.

This feature is expected to have a close relation to the field
of quantum data compression®®. As an example we have set
M,,.in = 4 and the energy of the CHs molecule with 13 orbitals

20
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was obtained after the second sweep up to 7 digits accuracy
with M; = 21, M, = 4,dimG = 107 and Fs 18/18 up to
5 digits accuracy with M; = 120, M, = 4,dim§ = 220 in
contrast to the dimension of the exact solution which are ...,

and ... calculated respectively by the € L(_zf{r))!! ) formula.

V. SUMMARY AND FUTURE PROSPECTIVES
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