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|'W,). Thus, the aim in the following is to compute the
entrﬂpy of entanglement, Eq. (1), for the state |W,) ac-
cording to bipartite partitions parametrized by L,

S, = —tr(p logypy). @

where p = trg |V, (V| is the reduced density matrix
for B;, a blﬂLk of L spins. The motivation behind the
present approach is straightforward: by considering the
entanglement S; of a spin block as a function of its size L,
and by characterizing it for large L, one expects to
capture the large-scale bﬂhavmr of quantum correlations
at a critical regime.

We start off with a description of the calculations, to
then move to the analysis and discussion of the results, a
summary of which is provided by Fig. 1. The XXZ model,
Egq, (2), can be analyzed by using the Bethe ansatz [15].
We have numerically determined the gmund state |W,) of
Hyxxz for a chain of up to N = 20 spins, from whmh St
can be computed. We recall that in the XXZ model, and
due to level crossing, the nonanalyticity of the ground-
state energy characterizing a phase transition already
occurs for a finite chain. Correspondingly, already for a
chain of N = 20 spins it is possible to observe a distinct,
characteristic behavior of §; depending on whether the
values (A, A) in Eq. (2) belong or not to a critical regime.

£ T T -

10 20 30 40
NUMBER OF SITES — L -

FIG. 1. Noncritical entanglement is characterized by a satu-
ration of §; as a function of the block size L: noncritical Ising
chain (empty squares), Hyy(a = 1.1, ¥ = 1); noncritical XXZ
chain (filled squares), Hyyz(A = 2.5, A = 0). Instead, the en-
tanglement of a block with a chain in a critical model displays
a logarithmic divergence for large L: S; ~ log,(L)/6 (stars) for
the critical Ising chain, Hyy(a=1,y=1); §; ~log,(L)/3
(triangles) for the critical XX chain with no magnetic field,

Hyy(a = 00, ¥y = Q); in a finite XXX chain of N = 20 spins

without magnetic field (diamonds), Hyyz(A = 1,A =10), S,
combines the critical logarithmic behavior for low L with a
finite-chain saturation effect. We have also added the lines
[(e + &)/6][log,(L) + =] [¢f. Eq. (12)] both for free conformal
bosons (critical XX model) and free conformal fermions (criti-
cal Ising model) to highlight their remarkable agreement with
the numerical diagonalization.
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The XY model, Eq. (3), is an exactly solvable model
(see for instance [13]) and this allows us to consider an
infinite chain, N — co, The calculation of S, , as sketched
next, also uses the fact that the ground state |'¥,) of the
chain and the density matrices p; for blocks of spins are
Gaussian states that can be completely characterized by
means of certain correlation matrix of second moments.

For each site [ of the N-spin chain, we consider two
Majorana operators, ¢y; and ¢4;4, defined as

-1 -1
Cy = (n 0‘3)0‘? Coue) = (l—[ Uﬁ)ﬂf (5)
- mr=()

m=()
Operators c,, are Hermitian and obey the anticommuta-
tion relations {c,,, c,} = 28,,,- Hamiltonian Hyy can be
diagonalized by first rewriting it in terms of these new
variables, Hyy({o§}) — Hyy({c,,}), and by then canoni-
cally transforming the operators c,. The expectation
value of ¢, when the system is in the ground state, i.e.,
(Cpy) ™= (T lc,x|V,), vanishes for all m due to the Z;
symmetry {.sr"” aj of) = (—oj, =0y, 03) VI of the ori-
ginal Hamﬂtuman Hyy. In turn, the expectation values
(¢mCn) = Omn + il completely characterize |W,), for
any other expectation value can be expressed, through
Wick’s theorem, in terms of (c,,c,). Matrix I" reads [16]

- I, I | Y
Pu) 1 r_l"’ ,
- , _
0 & "
i '[ gy 8 }

with real coefficients g; given, for an infinite chain
(N = e0), by

Lf“"d
7 Jo

From Eqgs. (6) and (7) we can extract the entropy S,
of Eq. (4) as follows. First, from I, and by eliminating
the rows and columns corresponding to those spins of the
chain that do not belong to the block B,, we compute the
correlation matrix of the state p,, namely 8,,, + i(I'y )
where

‘FH'@F ﬂﬂﬂﬁé ] = Eﬂ? Slﬂﬂs’
lacos¢ — 1 — iaysing|’

(7)

[ O, O, | P
] S liicn (8)
EmrEr

Now, let V € SO(2L) denote an orthogonal matrix that
brings I'; into a block-diagonal form [19], that is

227902-2
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